In this paper, we applied a fractional multi-step differential transformed method, which is a generalization of the multi-step differential transformed method, to find approximate solutions to one of the most important epidemiology and mathematical ecology, fractional stochastic SIS epidemic model with imperfect vaccination, subject to appropriate initial conditions. The fractional derivatives are described in the Caputo sense. Numerical results coupled with graphical representations indicate that the proposed method is robust and precise which can give new interpretations for various types of dynamical systems.
Introduction
Mathematical modeling of nonlinear systems is a key challenge for contemporary scientists; it is a basic description of physical reality expressed in mathematical terms. On the other hand, the study of the exact or approximate solution benefits us to understand the means of these mathematical models. Finding analytical solution is very difficult in most cases, so a good numerical solution of the problems can be gained. Fractional order derivatives provide researchers new fields for modeling numerous types of phenomena in sciences. Numerous kinds of fractional derivatives and their properties were considered (see [1] [2] [3] [4] [5] [6] ). The main reason for using fractional derivatives instead of integer derivatives is that fractional order model considered the memory effect, while integer order does not give us any information about the effect of the memory of human population which influences disease transmission [7] .
A survey of several diverse applications which have arisen from fractional calculus is given in [4] . The most vital criteria which defined fractional derivatives was shown by Ross in [8] . Researchers are trying to find different techniques to solve linear and nonlinear fractional differential equations. Some of them modify the classical methods to be more effective, others related between two or more methods to find numerical or analytical solutions of fractional equations. For instance, in [9, 10] they modified the definition of beta fractional derivative to find exact and approximate solutions of time-fractional diffusion equations in different dimensions.
Differential transform method (DTM) was firstly applied to electrical circuit problems by Zhou [11] . The DTM is well addressed in [12] [13] [14] [15] [16] . To overcome the long computations of DTM, Keskin and Oturance [17] presented an effective technique called reduced differential transform method (RDTM). Srivastava et al. [18] used RDTM for solving the (1 + n)-dimensional Burgers' equation, Yu et al. [19] applied RDTM for solving the (n + 1)-dimensional case and Acan et al. [20] applied a local fractional reduced differential transform method to obtain the solutions of some linear and nonlinear partial differential equations on Cantor set. Arikoglu and Ozkol [21] , Odibat et al. [22] and Odibat et al. [23] extended the algorithm of DTM to obtain analytical approximate solutions to linear and nonlinear ordinary differential equations of fractional orders.
The fractional reduced differential transform method (FRDTM) has been used successfully for solving linear and nonlinear fractional differential equations to obtain exact and approximate solutions. FRDTM was firstly introduced by Keskin and Oturance [24] . Srivastava et al. [25] studied the generalized time fractional-order biological population model (GTFBPM) by FRDTM. Rawashdeh [26] employed FRDTM to solve the nonlinear fractional Harry-Dym equation. Saravanan and Magesh [27] compared two analytical methods: FRDTM vs fractional variational iteration method (FVIM) to find numerical solutions of the linear and nonlinear Fokker-Planck partial differential equations with space and time fractional derivatives, Singh [28] presented FRDTM to compute an alternative approximate solution of initial valued autonomous system of linear and nonlinear fractional partial differential equations and Abuasad et al. [29] proposed FRDTM for finding exact and approximate solutions of the fractional Helmholtz equation.
The multi-step differential transform method (MsDTM) is presented to overcome the main drawbacks of the DTM and RDTM, which are the obtained series solution frequently converges in a very small space and the range of convergent is a very gradual process or totally divergent given a wider space. The fractional multi-step differential transform method (FMsDTM) is capable of generating approximate solutions of a wide class of linear and nonlinear problems with fractional derivatives that converge quickly to the exact solutions.
Momani et al. [30] employed FMsDTM for finding numerical approximate solutions of time-space fractional Fokker-Planck equation, Ebenezer et al. [31] applied MsDTM to fractional differential algebraic equations (FDAEs), also Ebenezer et al. [32] proposed multistep reduced differential transformation method (MRDTM) to solve linear second order telegraph equation together with time fractional derivatives, Moaddy et al. [33] presented a multistep generalized differential transform (MsGDT) to obtain accurate approximate form solution for fractional Rabinovich-Fabrikant model. Alsmadi et al. [34] proposed MRDTM for solving one-dimensional fractional heat equations with time fractional derivatives, and Arshad et al. [35] pursued the general form of FMsDTM to (n + 1)-dimensional case.
The aim of this paper is to apply the FMsDTM to find an accurate approximation for a fractional stochastic SIS epidemic model with imperfect vaccination. The fractional derivatives are described in the Caputo sense. The manuscript is organized as follows: Section 2 explains the basic concepts of the Fractional Calculus; Section 3 presents the stochastic SIS epidemic model. Section 4 presents the FMsDTM. Computational illustrations are given in Section 5, Section 6 contains some basic discussions, and conclusions are given in Section 7.
Fractional Derivative
There are several definitions of fractional derivatives. The three most frequently used definitions for the general fractional fractional derivatives are: the Grünwald-Letnikov (GL) definition, the Riemann-Liouville (RL) and the Caputo definition [2] [3] [4] . In this paper we will use the Caputo fractional derivative, since the initial conditions for fractional order differential equations involving only the limit values of integer-order derivatives at the lower terminal initial time (t = a), such as y (a), y (a), ... [4] , and also, the fractional derivative of a constant function is zero.
The Caputo fractional derivative is defined as (
where α > 0, t > a, n ∈ N and α, a, t ∈ R.
Stochastic SIS Epidemic Model with Imperfect Vaccination
It is essential to recognize the dynamical performance of undesirable outcomes of infectious diseases on the population development and to expect what may happen. Mathematical modeling has become a central tool in examining a varied range of such diseases to obtain a good understanding of extent mechanisms. Monitoring infectious diseases have been a progressively difficult matter and vaccination has been a normally used technique for removing illnesses for example measles, polio, diphtheria, tetanus, and tuberculosis. In addition, routine vaccination is presently provided in all developing countries against all these illnesses. It is well known that the SIS epidemic model is one of the most vital models in epidemiology and mathematical ecology. It has been thought that the immune system will create antibody against disease since vaccination doses are taken during this process. However, it may be not in a completely defensive level, specifically, the value of the vaccine is less than one. Motivated by these details, Safan and Rihan [36] considered the following SIS epidemic model with imperfect vaccination:
subject to the initial conditions S(0), I(0) and V(0) where S denotes the fractions of susceptible individuals, I denotes the fractions of infected individuals, V denotes the density of vaccines who have begun the vaccination process. Individuals are assumed to be born susceptible with rate µ where a proportion p of them obtains vaccinated immediately after birth. Susceptible individuals can either die with rate µ, vaccinated with rate ψ or obtain infected with force of infection βI where β is the successful contact rate between infected and susceptible individuals. Infected individuals can either die with rate µ or be removed with rate α. Vaccinated individuals can either die with rate µ or obtain infected with force of infection (1 − e)βI where e measures the efficacy of the vaccine-induced protection against infection. If e = 1, then the vaccine is perfectly effective in preventing infection, while e = 0 means that the vaccine has no effect. All parameter values in system (2) are assumed to be non-negative and µ > 0 [37] . In system (2), the basic reproduction
is the threshold which determines whether the epidemic occurs or not. In this paper, we will discuss the case when R v ≤ 1, then system (2) has only the infection free equilibriumĒ 0 = (S,Ī,V) = (
and it is globally asymptotically stable in the invariant Ω, where Ω = {(S, I, V) : S ≥ 0, I ≥ 0, V ≥ 0, S + I + V ≤ 1}. This means that the disease will disappear and the entire population will become susceptible [37] .
Fractional Stochastic SIS Epidemic Model with Imperfect Vaccination.
In this work, we modified the classical SIS epidemic model to the fractional stochastic SIS epidemic model with imperfect vaccination in the form:
with the initial conditions
where 0 < α i < 1, i = 1, 2, 3, and D
denote the Caputo fractional derivative of order α i . Indeed, if α i = 1, i = 1, 2, 3, then system (3) reduces to the classical system (2).
Description of the Method
The FMsDTM is a semi-numerical and analytical method and it is a modification of traditional DTM. In Table 1 we introduce the essential differential transformations of some important functions. Table 1 . Differential Transformations [15, 17, 29, 35] .
Original Function Transformed Function
To illustrate the FMsDTM, consider the following system of fractional differential equations:
where 0 < α i ≤ 1, c i (i = 1, 2, ..., n) are real finite constants, and D α i is the Caputo fractional derivative of order α i . Before applying the multistep method, we define the fractional differential transform of h(t) as
then the nth approximate series form solution of fractional initial value problem (FIVP) (5) and (6) can be given by
where U i satisfies the following recurrence relation
where
.., M, of the same step size h = T/M, by employing the nodes t i = ih.
The main idea of the fractional multistep DTM is explained as follows [30] [31] [32] [33] : First of all, we apply the FDTM over the first sub-interval [t 0 , t 1 ], then we can find the approximate solution, starting with t 0 = 0,
subject to the initial conditions x i,1 (0) = c i , i = 1, 2, ..., n. After that, for i ≥ 2, and for each sub-interval
we will use the initial conditions x i,j (t j−1 ) = x i,j−1 (t j−1 ). Then, applying the FDTM to the system (5), where t 0 in (7) is replaced by t i−1 . In the same manner, we repeat the process to generate a sequence of approximate solutions x i,j (t), where j = 1, 2, · · · M, i = 1, 2, ..., n. Therefore, the FMsDTM makes assumptions for the following solution
The new algorithm, FMsDTM, is simple for computational performance for all values of h. It is easily observed that if the step size h = T, then the FMsDTM reduces to the classical FDTM. As we will see in the next section, the main advantage of the new algorithm is that the obtained solution converges for wide time regions.
Computational Illustrations
To expound the simplicity and effectiveness of the suggested method as an approximate tool for solving nonlinear problems of fractional differential equations, we apply the FMsDTM to find the approximate numerical solutions for Stochastic SIS epidemic model of fractional order (3) subject to (4). We have two main steps for MsFDTM.
First Step: Finding FDTM for the First Interval
We have to apply the FDTM to the system (3) by using the appropriate transformations from Table 1 . We find the following recurrence relations for k ≥ 1 over the first interval [t 0 , t 1 ], where t 0 = 0 and t 1 = h,
where s 1 (k), i 1 (k) and v 1 (k) are the transformed functions of the S 1 (t), I 1 (t) and V 1 (t), respectively. With FDTM of initial conditions of the form s 1 (0) = c 1 , i 1 (0) = c 2 and v 1 (0) = c 3 . The process generates a sequence of approximate solutions such that
Second
Step: Apply the MsFDTM for All Intervals
We have to repeat the first step (5.1) to all sub-intervals [t r−1 , t r ] where t r = hr, for all r ≥ 2, using the initial conditions s r (0) = S r (t r−1 ) = S r−1 (t r−1 ), i r (0) = I r (t r−1 ) = I r−1 (t r−1 ) and v r (0) = V r (t r−1 ) = V r−1 (t r−1 ). The process generates a sequence of approximate solutions such that
therefore, the multistep approximate series solutions of the system (3) can be given as
. . .
where s r (k), i r (k) and v r (k) are the transformed functions of the S(t), I(t) and V(t), respectively. The most confusing issue in this method is finding the initial conditions. Starting with the given initial condition say s 1 (0) = c 1 , then s 2 (0) = S 2 (t 1 ) = S 1 (t 1 ) that is we have to substitute t 1 = h in S 1 (t), then to find s 3 (0) we have to substitute t 2 = 2h in S 2 (t) and so on, for the last term, to find s 100 (0) we have to substitute t 99 = 99h in S 99 (t). We follow same steps for finding the initial conditions for i r (0) and v r (0), r = 1, 2, ..., M − 1.
To apply the multistep fractional differential equations we take three cases for different values of α i , i = {1, 2, 3}, where T = 20, M = 100, K = 10, h = T/M and N = 1000. We use parameter values from Table 2 for the numerical calculations. (16) and (17) .
Secondly, we have to apply step (5.2) for all intervals [t i−1 , t i ], where 2 ≤ i ≤ M and t(i) = hi. Therefore, the multistep approximate series solutions of the system (3) can be given by 
. . . 
Case 2: α
We also apply step (5.1) by finding the recurrence relation (12), (22) and (23) for 1 ≤ k ≤ K over the first interval [0, t 1 ], where t 1 = h = 0.2. If we start with the initial conditions s 1 (0) = 0.06, i 1 (0) = 0.1 and v 1 (0) = 0.5, then we can find a sequence of of approximate solutions (15) , (16) and (17) .
Then, we have to apply step (5.2) for all intervals [t i−1 , t i ], where 2 ≤ i ≤ M and t(i) = hi. Therefore, the multistep approximate series solutions of the system (3) can be given by 
Case 3:
Again, we apply step (5.1) by finding the recurrence relation (12), (22) and (23) for 1 ≤ k ≤ K over the first interval [0, t 1 ], where t 1 = h = 0.2. If we start with the initial conditions s 1 (0) = 0.06, i 1 (0) = 0.1 and v 1 (0) = 0.5, then we can find a sequence of of approximate solutions (15) , (16) and (17) .
Then, we have to apply step (5.2) for all intervals [t i−1 , t i ], where 2 ≤ i ≤ M and t(i) = hi. Therefore, the multistep approximate series solutions of the system (3) can be given by
0.000443468t 4.5 + 0.000497927t 3.5 + 0.000596398t 2.5 + 0.00123275t 1.5 +0.0186183t 0.5 + 0.000422425t 5 + 0.000467803t 4 + 0.000528807t 3 +0.000537843t
Discussion
According to Section 3 and Table 2 , we give the following discussions: Figure 1 depicts Case (5.3): α j = 1, j = {1, 2, 3} in Table 3 where the invariant Ω j ≤ 1 for all j = 0, 1, . . . , 14. The basic reproduction number R v = 0.636364 < 1 and the infection free equilibrium E 0 = (S,Ī,V) = (0.0909091, 0, 0.909091) is globally asymptotically stable, so, from t = 0 to t = 14 we can conclude for the non-fractional stochastic SIS epidemic model with imperfect vaccination (3) that the disease will disappear and the entire population will become susceptible. Also, Figure 2 depicts Case (5.4): α j = 0.7, j = {1, 2, 3} in Table 4 where the invariant Ω j ≤ 1 for all j = 0, 1, . . . , 20. The basic reproduction number R v = 0.806061 < 1 and the infection free equilibrium E 0 = (S,Ī,V) = (0.0666667, 0, 0.933333) is globally asymptotically stable, so, from t = 0 to t = 20 we can conclude for the fractional stochastic SIS epidemic model with imperfect vaccination (3) that the disease will disappear and the entire population will become susceptible. Finally, Figure 3 depicts Case (5.5): α j = 0.5, j = {1, 2, 3} in Table 5 where the invariant Ω j ≤ 1 for all j = 0, 1, . . . , 17. The basic reproduction number R v = 0.8 < 1 and the infection free equilibrium E 0 = (S,Ī,V) = (0.05, 0, 0.95) is globally asymptotically stable, so, from t = 0 to t = 17 we can conclude for the fractional stochastic SIS epidemic model with imperfect vaccination (3) that the disease will disappear and the entire population will become susceptible. 
Conclusions
Building fractional mathematical models for physical phenomenon, as well as developing numerical and analytical solutions for such models are very important issue in epidemiology and mathematical ecology. In this work, the so-called FMsDTM is successfully applied in handling stochastic SIS epidemic model of fractional-order. Numerical results together with graphical representations show the total reliability and effectiveness of the proposed technique with a vast potential in scientific applications. The method works successfully in handling systems of differential equations directly with a minimum size of computations and a wide interval of convergence for the series solution. Also, the method reduces the computational difficulties of the other methods and all the calculations can be made by simple manipulations.
The approximate solutions using FMsDTM of fractional Stochastic SIS epidemic model suggest new and promising interpretations for ecological systems more than the integer-order systems, and this is actually one of the main reasons for generalizing the integer-order differential equations to fractional-order differential equations. 
